Asymptotic expressions for the radial and full wave functions of a three-body bound halo nuclear system with two charged particles in relative coordinates are obtained in explicit form, when the relative distance between two particles tends to infinity. The obtained asymptotic forms are applied to the analysis of the asymptotic behavior of the three-body (pnα) wave functions for the halo (E * =3.562 MeV, J π =0 + , T=1) state of 6 Li derived by D. Baye within the Lagrange-mesh method for two forms of the αN -potential. The agreement between the calculated wave function and the asymptotic formula is excellent for distances up to 30 fm. Information about the values of the three-body asymptotic normalization functions is extracted. It is shown that the extracted values of the three-body asymptotic normalization function are sensitive to the form of the αN -potential. The mirror symmetry is revealed for the three-body asymptotic normalization functions derived for the isobaric ( 6 He, 6 Li * ) pair.
INTRODUCTION
Study of structure of light exotic nuclei, lying near the drip lines and so-called halo nuclei is one of the most interesting topics of low-energy nuclear physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . It has revealed a number of features inherent only for these nuclei but not for normal (non-halo) nuclei, such as rather low separation energies of the external ("valence") nucleons, large radii and narrow peaks observed in the breakup probability distribution. Two-nucleon halo nuclei are particularly striking since the lowest breakup channel is a three-body (core+"valence" nucleons) channel because of the fact that their two-body subsystems are unbound. Therefore, for these nuclei a main term of the asymptotics of wave functions must be determined by proper three-body asymptotics [14] .
For more than ten years several works have been devoted to the study of the asymptotics of three-body bound state radial wave functions of halo nuclei [15] [16] [17] [18] [19] . In Refs. [15, 16] , the asymptotic expressions have been derived for three-body systems with two neutrons for the case of short-range (nuclear) interactions. These asymptotics were derived in the context of hyperspherical coordinates for large values of the hyperradius R (R → ∞), which means that either both of the Jacobi coordinates tend to infinity [17] or one of them tends to infinity and another of them is very small [16] . In [17] , the result of [15] was generalized for three-body systems including two charged particles with taking into account Coulomb-nuclear interactions. The obtained asymptotic expressions contain an exponential function depending on the hyperradius R [14] but also involve a factor that can influence noticeably the asymptotic values of the three-body wave function for some directions in the configuration space determined by the hyperangle ϕ, where ϕ = arctan(y/x) (x and y are a pair of modified Jacobi coordinates [14] ). In Refs. [15, 16] and [17] , these asymptotic expressions have been compared with the asymptotic behaviour of three-body (nnα and ααn) radial wave functions of the 6 He and 9 Be nuclei respectively derived in Refs. [20] and [21] within the framework of the multicluster stochastic dynamical model, respectively, where only two forms for the nα and αα potentials are used. In Refs. [15] [16] [17] , information was obtained about the three-body asymptotic normalization function (TBANF) as a function of the hyperangle ϕ. However, as is revealed in [15] [16] [17] , the three-body radial wave functions of the 6 He and 9 Be nuclei [20, 21] have a correct asymptotic behaviour in an asymptotical region within the interval with narrow width. Besides, the binding energies of 6 He and 9 Be nuclei in the (α + 2n)-and (2α + n)-channels calculated in [20] and [21] , respectively, differ noticeably from the experimental ones and, consequently, this circumstance may also noticeably influence the TBANFs [15] [16] [17] .
In Ref. [18] , the asymptotic expression has been derived for three-body radial wave functions of the halo nucleus with two valence neutrons in the context of the relative core-neutron coordinates for large values of each of them. It was revealed that the asymptotic expression obtained in [18] is not directly comparable to that derived in [15, 16] but it becomes equivalent to the asymptotic form derived in [15, 16] when the core is heavy. As a result, in Ref. [18] , information about the values of the TBANFs has been obtained by means of comparative analysis of the obtained asymptotic forms with the asymptotic behavior of the corresponding model three-body (nnα) wave functions for the 6 He nucleus derived within the Lagrange-mesh technique [3, 22] by using the αn potential taken from [23] . There it was shown that the Lagrange-mesh approximate wave function for the bound 6 He state is in good agreement with the asymptotic expression over larger values of the relative core-neutron coordinates (up to 20 fm) and information was obtained about the TBANF as a function of the ratio of the relative core-neutron coordinates. It should be noted that in [3, 22] the binding energy calculated for the ground state of 6 He is in excellent agreement with the experimental one for the employed nn and nα potentials.
In this connection it should be emphasized that the TBANF is a fundamental characteristic of the three-body bound system, which plays the same role as the asymptotic normalization coefficient of the radial wave function for the two-body bound system [24, 25] . Consequently, the TBANF is determined by the dynamics of strong interactions and, so, carries information about two-particle (nuclear) interactions in the three-body bound system. For example, as is shown in [15, 16] and [17] , the extracted values of the TBANFs for the 6 He and 9 Be nuclei are highly sensitive to the forms of the αn and αα potentials, respectively. Consequently, knowledge of the TBANF, which plays an important role in nuclear structure, allows one to get the information both on the three-body structure of halo nuclei and on types of two-particle (cluster-cluster, cluster-nucleon and nucleon-nucleon) interactions. Besides, as is shown in [26] , the anomalous asymptotics of radial overlap integrals for bound systems a of four bodies in the (b+c)-channel is expressed in terms of the TBANF. Therefore, systematic collection of data about TBANFs for different halo nuclei must be extremely encouraged now.
In the present work, the asymptotic behavior of the radial wave functions of a three-body bound (123)-system involving two charged particles is studied for the large relative coordinates r 13 and r 23 . The results are compared with the Lagrange-mesh approximate three-body (pnα) radial wave functions derived by D. Baye [27] for the halo (E * =3.562 MeV; J π = 0 + ; T = 1) state of 6 Li, which is the isobar-analog one for the ground state of 6 He for which J π = 0 + and T = 1 also.
The content of this paper is as follows. In Section 2, the asymptotic expression for the radial component of three-body wave function is derived. In Section 3, the asymptotic formula is used for testing the asymptotic behavior of the partial waves of the three-body (pnα) wave function for the halo (E * =3.562 MeV) state of the 6 Li nucleus by using two kinds of the αN potential, which is briefly described in Appendix B. In Section 3, the information about the TBANFs is also analysed and discussed. Conclusion are given in Section 4 and the asymptotic formula for the total three-body wave function is derived in Appendix A.
2 Asymptotic behavior of three-body radial wave functions with two charged particles
One considers the bound three-body system (123) consisting of two "valence" nucleons and two charged particles (say, particle 1 and a core 3). Let us write r ij = r i − r j for the relative radius vector and q ij for corresponding relative momentum, where r k is a radius vector of the center of mass of the particle k. If m j is the mass of particle j, we denote µ ij = m i m j /m ij and µ (ij)k = m ij m k /m the reduced masses of the ij and (ij)k systems, respectively, where m ij = m i + m j and m = m 1 + m 2 + m 3 . The 6 Li(pnα) nucleus considered within a three-body model can be used as an example.
The 
which is derived from Eqs. (6) and (15) of Ref. [18] . Herein Ψ ν (q 23 , q 13 ) is the partial three-body wave functions in momentum space, which can be determined from the relation
and
where Ψ(q 23 , q 13 ) is the total three-body wave function in the momentum representation, ν = {l 23 l 13 Ls 12 S}, l ij is the relative orbital momentum of particles i and j; L = l 23 + l 13 , s 12 = s 1 + s 2 and S = s 12 + s 3 ; s j is the spin of particle j and Y * l 23 l 13 LM L (q 23 ,q 13 ) is the eigenstates of the square of the total orbital angular momentum L of the three-body (123) system and of its projection L z along the z axis, which has the form
in which C cγ aα bβ is a Clebsh-Gordan coefficient andq ij = q ij /q ij . The momentum-space wave function Ψ(q 23 , q 13 ) is related to the vertex function W (q 23 , q 13 ) for the virtual decay (123) → 1 + 2 + 3
by the relation [28] Ψ(q 23 ,
Herein the energy ε reads [3] 
where λ 1 = m 1 /m 31 and λ 2 = m 2 /m 23 , and ε a is the binding energy of the system a ≡ (123) in respect to the virtual decay (5) (ε a > 0). We use = c = 1 throughout. According to Ref. [14] , if, in the bound (123)-system, two-particle subsystem (ij) (ij= 12,23,31) can be bound with the binding energy ε ij with respect to the (i + j)-channel, the vertex function W (q 23 , q 13 ) has so-called two-particle singularities as a function of the relative kinetic energy of the particles i and j, E ij , at E ij = −ε ij . For the two-particle (12)-and (23)-subsystems, where the Coulomb interactions are absent, these two-particle singularities are pole ones, and for the two-particle (13)-subsystem the two-particle singularity is a power branch point arising due to the Coulomb interaction [29] . Besides, according to Refs. [14, 30] , the vertex function W (q 23 , q 13 ) has the three-body branch point singularity at ε = −ε a . As seen from Eq.(6), the wave function Ψ(q 23 , q 13 ) possesses the same singularities as the vertex function W (q 23 , q 13 ).
In the general case the asymptotic form of the radial wave function Ψ ν (r 23 , r 13 ) at r 23 → ∞ (or r 13 → ∞) is determined by both the two-body cluster singularities, which are associated with a formation of possible bound states in the two-particle subsystems [14] , and by the three-body singularity at ε = −ε a of the partial wave functions in the momentum space Ψ ν (q 23 , q 13 ). Explicit form of the cluster asymptotic can easily be derived by using the results of Ref. [14] . But, as a rule, twobody (ij) subsystem in bound three-body (123) halo nuclei are unbound, for example, the 6 Li(pnα) nucleus in the second excited (E * =3.562 MeV) state being the isobar-analog to the ground state of 6 He(nnα). For such nuclei an asymptotic form of the three-body wave function is determined by the proper three-body asymptotics of function Ψ ν (r 23 , r 13 ) at r 23 → ∞ (or r 13 → ∞). Therefore, here we are interested in the asymptotic expression for Ψ ν (r 23 , r 13 ) at r 23 → ∞ (or r 13 → ∞) determined by means of the extraction of a contribution from the aforesaid three-body branch point singularity into the radial wave function Ψ ν (r 23 , r 13 ) given by Eqs. (1), (2) and (6) . To this end, one can make use in Eq. (6) the following singular part at ε → −ε a , W (s) (q 23 , q 13 ), of the vertex function W (q 23 , q 13 ) [17, 30] :
where η a (q 13 ) = iz 1 z 3 e 2 µ 13 /q 13 , z j e is a charge of the particle j, and the functionW (q 23 , q 13 ) at the point ε = −ε a is regular part of the vertex function W (q 23 , q 13 ), which coincides with the onshell vertex function (OSVF) for the virtual decay (5) [30] , i.e., with a value of the vertex function W (q 23 , q 13 ) in which its arguments satisfy the relation q 2 23 /2µ (13)2 + (q 13 + λ 1 q 23 ) 2 /2µ 13 = −ε a . Taking into account the expressions (6) and (7), one can perform the integration over the angular variables Ω q 23 and Ω q 13 in Eq. (2) . To this end, in Eq.(9), one makes use of the partial wave expansion for the OSVF:W (q 23 , q 13 ) = 4π
where 13 ) is a partial OSVF, and of the following presentation for the function [(ε + ε a )/4ε a ] ηa(q 13 ) /(ε + ε a ):
Herein the function A L ′′ ;ηa(q 13 ) (q 23 , q 13 ) is determined by the relation
where
is the associate Legendre function of the second kind [31] . Note that ζ(q 23 , q 13 ) > 1 . The integration in Eq. (12) has been performed by using the formula (A.3) of Ref. [29] . Now the integration over the angle variables Ω q 23 and Ω q 13 can be performed by inserting the expressions (10) and (11) in the r.h.s. of Eq.(2). After that, the expression (1) for the three-body radial wave function with taking into account (13) can be reduced to the form
(−1)
whereĵ = 2j + 1 and 
The sought proper three-body asymptotic form for the radial wave function Ψ ν (r 23 , r 13 ) at r 23 → ∞ (or r 13 → ∞) is determined by the aforesaid three-body singularity at the point ε = ε a . This singularity is associated with singularities of the function Q −ηa(q 13 ) L ′ (ζ(q 23 , q 13 )) entering the integrand of Eq. (17), and is the power branch point [32] 1 . The latter singularity is defined from the equation
1 Note that character of this singularity is a logarithm branch point one, when values of the Coulomb parameter ηa(q13) are integer numbers [33] . 
in the q 23 plane (see Fig.1a ).
To extract a contribution from these three-body singularities to the radial wave function Ψ ν (r 23 , r 13 ) given by Eqs. (16) and (17), first, a deformation of the contour of integration into the upper half of the q 23 -plane is carried out as shown in Fig.1a . Then, in the integrand of the obtained integrals, the function e iπηa(q 13 
where 2 F 1 (a, b; c; x) is the hypergeometric function [31] and ζ ≡ ζ(q 23 , q 13 ). The relation (21) can be obtained from the formula 3.3.2(15) of Ref. [33] . As a result, one can separate the parts of the integrals running along the cuts C (1) and C (2) in the q 23 plane starting from q
23 to ∞ and from q
23 to −∞, respectively, which correspond to the sought asymptotics of the three-body radial wave function Ψ ν (r 23 , r 13 ). For r 23 → ∞ one extracts the contributions from the singular points q 23 = q (1) 23 and q 23 = q (2) 23 in the integrals over the contours C (1) and C (2) , respectively. After that, the expression (17) can be reduced to the form
where ξ
(1)
At the limit r 23 → ∞, the integration over q 13 can now be performed by using the saddle-point method [34] . Before applying this method, it should be noted that the function S(q 23 ; r 23 , r 13 ) in the exponent of the integrand of the integral (23) contains two parameters (r 23 and r 13 ) and the saddle-point method for such type of an integral has been developed in Ref. [34] (see for details Section 7.3 of Chapter 4 of Ref. [34] ). According to Ref. [34] , the saddle points in Eq. (23) determined from equation dS (j) (q 13 ; r 23 , r 13 ) dq 13 = 0 (25) are given by
is a modified hyperradius [18] . It is noted that the expressions R (1) and R (2) are respectively the maximum and minimum values of the hyperradius R [14] for fixed values of r 23 and r 13 , when the angle between the relative coordinates varies. As is seen from Eqs. (A11) and (A12) of Appendix A, they coincide with R when three particles are aligned: R (1) = R when particles 1 and 2 are on the opposite sides of a core 3 and R (2) = R when they are on the same side. Inserting expression (26) into (19) , one obtains
As a result, from Eqs. (16), (17), (22) and (23) the proper three-body asymptotic form of the radial wave function Ψ ν (r 23 , r 13 ) is derived for r 23 → ∞ as
13 )
where η a (q (j)
13 . The expression is also valid for r 13 → ∞ since the expressions for q (j) 23 , q (j) 13 and R (j) do not change. This means that the asymptotic formula is valid when r 23 → ∞ and r 13 → ∞. However, similar to what it has been done in Ref. [18] , in the derivation of the saddle points q (j) 23 and q (j) 13 , one also implicitly assumes that the ratio r = r 13 /r 23 is larger than λ 2 and smaller than 1/λ 1 .
In Eq. (29), the asymptotic normalization functions C (j) ν (r) are related to the partial OSVF ,
a . It should be noted that for η (j) a = 0 the expression (29) coincides with that of Eq.(28) obtained in Ref. [18] for three-body (123) bound system with pure short range nuclear two-particle interactions.
As is seen from Eqs. (29) and (30), the asymptotics form for the three-body radial wave functions has the radial dependence quite different from that for the total three-body wave function derived in Appendix A and given by Eqs. (A17)-(A19). Besides, the present asymptotic expression (29) is not directly comparable to relation derived in Ref. [17] for the Jacobi variables since the partial wave expansions are quite different. But, when particle 3 is very heavy (m 3 → ∞, i.e. λ 1 → 0 and λ 2 → 0), similar to what it is done in [18] , it can easily be shown that the expression (29) becomes equivalent to the asymptotic formula (11) of Ref. [17] . When m 3 is not large, these two expressions behave quite differently. The similar situation occurs for the leading term of Eq. (29) valid for | q (j) 23 r 23 |>>1 and | q (j) 13 r 13 |>>1 and the asymptotics form of Eq.(A17) valid at R → ∞ for the total three-body wave function. In this case, both expressions have also the same radial dependence as (2 √ ε a R) −ηa e − √ εaR /R 5/2 , where η a is given by Eqs. (A12), (A14) and (A19) of Appendix A at
As is also seen from Eq. (29), the proper three-body asymptotics of the bound state radial wave function Ψ ν (r 23 , r 13 ) for r 23 → ∞ and r 13 → ∞ contains unknown functions C (j)
13 ) by Eq. (30) . Consequently, as it was mentioned above, due to the fact that the partial OSVF is determined by the dynamics of strong two-particles interaction [35] , knowledge of the factor C (j) ν (r) allows one to get the valuable information both on the three-body structure of halo nuclei and on types of two-particle (cluster-cluster, cluster-nucleon and nucleonnucleon) interactions.
3 Analysis of the three-body wave functions for the second excited state of the 6 Li * nucleus
In this section, the results of the comparative analysis of the asymptotic expression (29) with the approximate radial three-body wave functions for the halo (E * =3.562 MeV) state of 6 Li, which were derived by D. Baye [27] within the framework of the pnα three-body approach based on the Lagrange-mesh technique [36] [37] [38] [39] and given by Eq. (B2) in Appendix B, are presented. These radial three-body wave functions were obtained using the central part of the Minnesota NN potential and two kinds of the αN potential denoted by the M1 and M2 models below (see, Appendix B also). The leading asymptotic expression for the three-body (pnα) radial wave functions for 6 Li(E * =3.562 MeV) is determined by the expression (29), since there are no two-particle bound subsystems for the 6 Li(E * =3.562 MeV) nucleus within the three-body (pnα) model. Note that, as it is mentioned above, this second excited state of the 6 Li nucleus is the isobar-analog for the ground state of the 6 He halo nucleus. Therefore, similar to that done in [18] for the ground state of 6 He, it is of interest to find out to what extent the approximate radial wave functions [27] have correct asymptotic behavior in the asymptotic region (r 23 → ∞ and r 13 → ∞).
Results and discussion
The TBANFs C (j) Ll (r) (j=1 and 2) are determined based on the same procedure as used in Ref. [18] for the 6 He(nnα) nucleus, where the index ν is substituted by Ll since the quantum numbers summarized by index ν are fully determined by the values L and l. We consider value of r belonging to the interval 1.0 r 3.0. This limit is connected with the fact that other values of r correspond to too large r 23 values (for r < 1) for which the approximate wave function (B2) becomes inaccurate. For too small r 23 values (too large r values) the asymptotic expression (29) is not valid. Therefore, the limit mentioned above for r (or r 23 and r 13 ) leads to the fact that the tail of the amplitude of the three-body radial wave functions Ψ Ll (r 23 , r 13 ) corresponds to values of r 23 ≡ r nα 5 fm and r 13 ≡ r pα 14 fm because of the small value of the binding energy ε and presence of the Coulomb pα interaction. After a number of tests, we have found that the convenient procedure is to fix two coefficients C Ll (r) are stable within about 10%, and have then tested the validity of the obtained fit inside that region.
As the examples of the search, some values of r are displayed in Table 1 ) of interval for the variable r 23 , within which the approximate wave function (B2) has a correct asymptotic behavior to within about 10%, is presented in the sixth and tenth columns of Table 1 for the M1 and M2 models, respectively. Table 1 shows that the width of the interval becomes wider with deceasing r and more narrow with increasing ratio r both for the M1 model and the M2 model. For example, for L=0, l=0 and r=1.1, the expressions (29) and (B2) agree within about 10% for r 23 from about 14 to 24 fm for the M1 model and from about 14 to 27 fm for the M2 model. One notes that the same behavior is practically observed for r 13 = 1.0r 23 . For r 13 = 2.5r 23 , the fit is excellent from about 6 to 11.5 fm for the M1 model and from about 6 to 12.5 fm for the M2 model. One can observe that the width of the interval ∆ becomes more narrow with increasing r and moves to smaller values of r 23 . For the L=0 and l=1 partial wave an accuracy of about 10% is obtained up to r 23 equal to from about 16 to about 23 fm for the M1 model and from about 16 to 24 fm for the M2 model at r 13 = 1.1r 23 . The same accuracy is reached from about 6 to 11 fm for the M1 model and from about 6 to 12 fm for the M2 model at r 13 = 2.4r 23 . Here one observes that the width ∆ deceases with increasing r both for the M1 model and for the M2 model, but it moves to smaller values of r 23 . For the small L=1 and l=2 component the quality of the agreement is reached from about 17 to 24 for the M1 model and about from 17 to 29 for the M2 model at r 13 = 1.3r 23 . Similar situation is observed for other values of r. To confirm this and for the visual convenience, Fig. 2 shows the ratio of the approximate wave function (B2) to the asymptotic form (29) as a function of r 23 for different values of r, including the values of r not presented in Table  1 , only for the M2 model.
It is seen here that, the width ∆ depends both on values of r and on the form of the αN potential used. One also observes in Table 1 that the region where the fit is performed moves to larger distances when l increases. This reflects the fact that the centrifugal barrier pushes the asymptotic region to larger distances with increasing l. One notes that the influence of the centrifugal barrier on the asymptotic form (29) arises only for l > 0 and is determined by the multiplicative factors f l 23 (q (j) 23 r 23 )f l 13 (q (j) 13 r 23 ). These factors play an important role for the good agreement (within 10%) between the approximate wave function (B2) and the asymptotic from (29) in the asymptotic region, similar to that for the 6 He(nnα) nucleus shown in Refs. [18] .
We have applied the fitting technique described above to the determination of the TBANFs for the halo (E * =3.562 MeV) state of the 6 Li nucleus as a function of r under the model conditions described above. The recommended values of C Ll | similar to that found in [18] for the 6 He(g.s.) nucleus. One notes that the extracted values of the TBANFs C (j) Ll (r) show a noticeable sensitivity to the form of the αN potential, although the binding energies calculated in the M1 and M2 models are fairly close to each other (see Appendix B).
Comparison of the TBNFs for the isobaric (
6 He, 6 Li * ) pair
It is now of interest to compare the TBANF values derived by us above for the leading components ((L l)=(0,1) and (1,1) ) and the M2 model with those obtained in Ref. [18] for the ground state of 6 He(g.s.). Note that, in Ref. [18] the TBANF values were obtained only for the nuclear αN and N N potentials used in the M2 model. For this purpose, we form the ratio R (j)
L l ( 6 He) as a function of r, where C (j)
L l (r) for 6 He(g.s.). The results for the ratio are presented in Fig. 5 . The uncertainty for each curve is about ±14%, which is the average square error for the ratio R ) 1 1 =0.63±0.10 at (r 23 , r 13 )=(9.00 fm,18.9 fm) for r=2.1. As is seen from here, the mirror symmetry for the TBANFs derived for the isobar-analog states of the isobaric ( 6 He 6 Li * ) pair breaks up significantly in Ω 1 and Ω 3 . Apparently, this is connected with the fact that an influence of the Coulomb pα interaction upon the derived TBANFs C (j)
Ll ( 6 Li * ) becomes noticeable for the values of r 13 changing in Ω 1 and Ω 3 . Nevertheless, in Ω 2 , the mirror symmetry for the TBANF values derived for C (j) Ll ( 6 Li * ) and C (j) Ll ( 6 He) occurs within their uncertainties. One of the main reason is the fact that the values of r 13 (=r pα ) for the fitting points in Ω 2 are less than those in Ω 1 and Ω 3 and, consequently, an influence of the Coulomb pα interaction decreases in Ω 2 with respect to that of the Coulomb pα interaction in Ω 1 and Ω 3 .
Conclusion
In this work, we have determined the asymptotic forms of the radial and total three-body (123) wave functions of halo nuclei with two charged particles (1 and a core 3) in core-nucleon coordinates. Although, such expressions are already known in hyperspherical (or Jacobi) coordinates [17, 30] , we think that the present formulae are interesting because they allow a simpler physical visualization of the asymptotic behavior as a function of the two core-nucleon relative distances r 23 and r 13 . It is demonstrated that when the core is very heavy the derived asymptotic forms become equivalent to the corresponding asymptotic formulae [17, 30] for the Jacobi coordinates.
The asymptotic form obtained for the radial wave functions has been compared in different parts of asymptotic regions with the approximate wave functions derived by D. Baye [27] within the Lagrangemesh approach for the halo (E * =3.562 MeV) state of 6 Li(pnα) using two kinds of the nuclear αN potential. The intervals of the r 23 and r 13 variables within which the approximate wave functions have a correct asymptotic behavior within about 10% have been determined.
One has used the region where the agreement between a radial wave function and the asymptotic expressions is excellent to deduce values for the TBANFs, C L l (r), for the 6 Li * (E * =3.562 MeV) nucleus depending on the ratio r = r 13 /r 23 . The shape of the asymptotic behavior is determined by the ratio C (2)
L l (r) and the overall normalization is sensitive to the fitting points. It is demonstrated that the values of the TBANFs are sensitive to the form of the αN potential used. Besides, it is revealed the region of changing the (r nα , r pα ) pair where the mirror symmetry occurs for the TBANFs derived for the isobaric ( 6 He(g.s.), 6 Li * (E * =3.562 MeV)) pair.
The deduced three-body asymptotic functions are in principle observable quantities, for example, from an analysis of the experimental differential cross sections for the exchange α( 6 Li, α) 6 Li(3.562 MeV) and transfer α( 3 He, p) 6 Li(3.562 MeV) reactions. Therefore, it would be interesting to compare present results with experimental ones. It would make it possible to choose the form of the αN potential by comparing the phenomenological values of C (j) Ll (r) (j=1 and 2) with these values obtained in the present work. They would allow one to get additional information about the form of the αN potential and to verify an accuracy of the approximate wave function (B2) as a source of reliable information on the C (j) Ll (r) asymptotic normalization functions. In this connection, it would be highly encouraged to do such an experiment.
APPENDIX A: ASYMPTOTIC BEHAVIOR OF THE FULL THREE-BODY WAVE FUNCTION
Here, it is interesting to derive a proper three-body asymptotics of the total three-body wave function Ψ(r 23 , r 13 ) at r 23 → ∞ (or r 13 → ∞) for the bound three-body (a=(123)) state directly using Fourier representation for the total three-body wave function. But, first one notes that in Refs. [14, 30] an asymptotic behavior of the total three-body wave function Ψ(R) for R → ∞ has been investigated by using the Fourier representation written through the six-dimensional vectors R = {x, y}[={R,R}] and P = {q, p} [={P,P}] . Here x = √ 2µ 12 r 12 and y = 2µ (12)3 r (12)3 (q and p) are the modified coordinate Jacobi variables (conjugate momentums to them) [14] ;R = {x,ŷ, ϕ}; R = x 2 + y 2 and ϕ = arctan(y/x) are the hyperradius and hyperangle in the configuration space, respectively; r (12)3 is the radius vector connecting the centers of masses of the (12)-pair and the particle 3; P = q 2 + p 2 andb = b/b is a unit radius vector. In particular, it was shown in work of Ref. [30] that the derived asymptotic form Ψ(R) at R → ∞ contains a factor of OSVF for the virtual decay (11) , which depends on the variables ϕ,x (orr 12 ) andŷ (orr (12) 3 ). Besides, in Ref. [30] the important relation between the total OSVF and the total three-body asymptotic normalization coefficient C(R) has also been found.
The Fourier transformation for the total wave function is written as
Herein the expressions (6), (8) and (9) as well as the substitution q ′ 13 = q 13 + λ 1 q 23 in Eq.(A1) are used, where
and η a (q 13 ) ≡ η a (q ′ 13 , q 23 ) = iz 3 z 1 e 2 µ 31 / | q ′ 13 − λ 1 q 23 |. We consider the expression (A3) at r 13 → ∞ and perform integration over q ′ 13 in it. Similar to Refs. [14, 40] , the leading term of the integrals over q ′ 13 at r 13 → ∞ is generated by the contribution from the three-body branch point singularity located at ε = −ε a . Similar to what has been done in Ref. [40] (see for details, e.g., Section 6 of the Chapter 4 there) an estimation of the leading term of the integrals over q ′ 13 at r 13 → ∞ can be done by using the multidimensional method of stationary phase [34] . The stationary phase points are given byq ′ 13 = ±r 13 . When the expression (A3) can be reduced to the form I(q 23 ; r 13 ) ≃ I (as) (q 23 ; r 13 ) = 1 16iπ 2 ε a r 13
for r 13 → ∞, where η a (r 13 q ′ 13 , q 23 ) = iz 3 z 1 e 2 µ 31 / |r 13 q ′ 13 − λ 1 q 23 |. Then, one extracts contribution from the three-body branch point singularity located at q ′ 13 = iq
13 (q 23 ) ≡ i 2µ 31 (q 2 23 /2µ (31)2 + ε a ) of the integrand in (A4) by means of a deformation of the contour of integration into the upper half of the q ′ 13 plane as plotted in Fig.1b . As a result, one can separate the part of integral running along the cut lying on the imaginary axis in the q ′ 13 plane starting from q ′(o)
13 (q 23 ) to ∞ that corresponds to the leading term of the expression (A4) at r 13 → ∞. After that, expression (A4) can be reduced to the form I(q 23 ; r 13 ) ≃ I (as) (q 23 ; r 13 ) ≃ 1 2π
By inserting the expression (A5) into the r.h. 
At r 13 → ∞, the integration over q 23 can be performed by using the multidimensional saddle-point method [34] . The saddle points are determined from equations grad q 23 S(q 23 ; r 23 , r 13 ) = 0.
The saddle points are given by
where R(r 23 , r 13 ) = 2µ 31 r 2 13 + 2µ (31)2 (r 23 − λ 1 r 13 ) 2 (A11)
is the hyperradius R. Whereas
at ε = ε a , from the relations (A10) and (A13), one obtains
An asymptotic expression sought by us is generated by contributions from the saddle points q 23 = q (o) 23 . To this end, we can employ the following standard techniques in the r.h.s. of (A6). Firstly, the part C of the integration region containing the vicinity of the saddle points q 23 
Herein
is the three-body asymptotic normalization factor, R ≡ R(r 23 , r 13 ) and η a (r,r 23 ,r 13 ) = iz 3 z 1 e 2 µ 13 /q
13 .
Recall that the function W (−q
13 ) is the total OSVF for the virtual decay (11) because when q 23 = q 13 , the particles 1, 2 and 3 are on the mass shell. It should be noted that the asymptotic formula is also valid for r 23 → ∞. This point can be easily shown if permutation of the order of integration over q 13 and q 23 is done in (A1). As a result, one obtains the same asymptotic formula (A17). This means that asymptotic formula (A17) is valid when both r 23 and r 13 (or R) tend to infinity.
The expression (A17) coincides with the asymptotic expression obtained in Ref. [30] for Ψ(R) at R → ∞ if in the latter a value of the charge (z b ≡ z 2 ) for the particle 2 is put to zero, the threebody asymptotic normalization factor C(R) is substituted by C(r,r 23 ,r 13 ) and the hyperradius R is determined by either Eq.(A11) or Eq.(A12). It follows from here that the limit R → ∞ for the asymptotic expression obtained in Ref. [30] indeed means that both r 23 and r 13 tend simultaneously to infinity.
APPENDIX B: APPROXIMATE THREE-BODY WAVE FUNCTIONS
Below, we briefly present the idea and the essential formulas of the aforementioned Lagrange-mesh technique utilized by D. Baye [27] for the halo (E * =3.562 MeV) state of 6 Li.
According to Ref. [41] , the Hamiltonian describing the relative motion of the nucleons with respect to the core (α-particle) reads
is the nuclear(Coulomb) potential between the centers of mass of particles i and j. The eigenvalue of H provides a binding energy of the 6 Li(E * =3.562) state in the (p + n + α)-channel. According to [27] , the central part of the Minnesota NN potential with an exchange parameter u=1 [42] and two kinds of the αN potential were employed. The latters are taken from Ref. [21] (the M1 model), which takes into account the exchange Majorana component both in the central and the spin-orbit term, and from Ref. [23] (the M2 model) with the the central and the spin-orbit terms. In (B1), they are both expressed as sums of Gaussians, in which, similar to Ref. [43] , the pseudopotential technique is also applied in [27] to eliminate the forbidden s state of the αN interaction, which stimulates the Pauli antisymmerization principle between the nucleon and the core.
Within the framework of the Lagrange-mesh technique [36] [37] [38] [39] , a partial wave of the pnα wave function for the second excited state of the 6 Li nucleus is presented as Ψ lLS (r 23 , r 13 ) = (r 23 r 13 )
In this expression, the F i 1 i 2 are Lagrange basis functions and the c lLS
are variational coefficients. Since the total angular moment J of the halo (E * =3.562 MeV) state of 6 Li is zero, its total orbital moment L and its total spin S are equal (L=S=0 or 1 ). As the parity is positive, the relative orbital moments l 23 and l 13 take the common value l. The two-dimensional Lagrange functions have the following form
Here
is the one-dimensional Lagrange-Laguerre function, where L N (x) is a Laguerre polynomial and the Laguerre zeros x i are solution of L N (x i )=0 [22, 36] . The basis functions F i 1 i 2 (r 23 , r 13 ) are associated with N 2 mesh points (hx i 1 , hx i 2 ) where they satisfy the Lagrange property
The normalization conditions for the radial wave functions and for the coefficients c lLS
at Gauss approximation are given by Eqs. (36) and (37) of Ref. [18] , respectively. The scale factor h is a nonlinear variational parameter aimed at adjusting the mesh to the domain of physical interest.
The values of the coefficients c lLS
were obtained by D. Baye [27] for the both aforesaid kinds of the αN potential (the M1 and M2 models). Nevertheless one should note only the following main points. To approximately reproduce the experimental binding energy 0.136 MeV of the second excited state of 6 Li, the potentials of Refs. [21] and [23] were multiplied by 1.08 and by 1.01, respectively, as it was also done in Ref. [18] . Then, the binding energy was calculated as 0.1365 MeV for the αN potential Ref. [21] in the M1 model and as 0.1323 MeV for that from Ref. [23] in the M2 model. The Coulomb αp interaction was represented by 2e 2 erf (0.83r)/r and took into account the finite extension of the α particle. The corresponding wave functions contained partial waves l=0 to 18 and were obtained with h = 0.3 and 0.4 fm for the αN potential of the M1 model and the M2 model, respectively. The calculations were performed with N =28, i.e. 784 basis states per partial wave for a total of 29008 basis states, for each of the αN potentials. The dominant partial waves for the considered 6 Li nucleus were, in decreasing order of importance, (L, l)= (0,1), (1,1), (0,2), (0,0) and (1,2) . The respective probabilities were 84.6%, 8.4%, 3.8% and 2.2% for the M1 model and 79.1%, 15.8%, 3.1% and 1.6% for the M2 model [27] . L l of the TBANFs derived for the 6 Li(3.562 MeV, J π =0 + , T =1) nucleus to those for 6 He(g.s., J π =0 + , T =1) nucleus as a function of r for the M2 model. The solid and dashed lines correspond to j=1 and 2, respectively. The data for 6 He(g.s., J π =0 + , T =1) are taken from [18] . 
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